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Neural network emulation of flow in heavy-ion collisions at intermediate energies1
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Applications of new techniques in machine learning are speeding up progress in research in various fields. In
this work, we construct and evaluate a deep neural network (DNN) to be used within a Bayesian statistical frame-
work as a faster and more reliable alternative to the Gaussian process (GP) emulator of an isospin-dependent
Boltzmann-Uehling-Uhlenbeck (IBUU) transport model simulator of heavy-ion reactions at intermediate beam
energies. We found strong evidence of the DNN being able to emulate the IBUU simulator’s prediction on
the strengths of protons’ directed and elliptical flow very efficiently even with small training datasets and with
accuracy about ten times higher than the GP. Limitations of our present work and future improvements are also
discussed.
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I. INTRODUCTION15

Various neural networks (NNs) have been widely used16

as useful tools in machine learning to extract more con-17

nections within datasets and also as a way to generate or18

simulate physical events [1]. Since the pioneering work of19

Ref. [2], promising results have been found in using NNs20

to address many critical issues in nuclear physics; see, e.g.,21

Refs. [3–5] for recent reviews. In the area of heavy-ion reac-22

tions at intermediate energies (around tens of MeV/nucleon23

to about 2 GeV/nucleon before the quark degree of freedom24

becomes important), interesting results have been found from25

applying NN techniques. For example, these techniques have26

been used in determining the centrality [6], extracting nuclear27

symmetry energy [7], and classifying orientation and defor-28

mation of colliding nuclei [8] on an event-by-event basis. One29

particularly useful feature of NNs is their potential applica-30

tions in efficiently and reliably emulating solutions/outputs31

of computationally expensive and physically complicated32

models/processes; see, e.g., Refs [9–18] for recent examples33

in low-energy nuclear physics. A huge draw to NNs is the pos-34

sibility that they need much shorter computation times than35

traditional methods [19]. Indeed, very encouraging results and36

some challenges have been found in exploring such possibili-37

ties in nuclear physics, mostly in emulating nuclear structure38

and fission based on energy density functional theories so far39

[3–5].40

In this work, we explore the feasibility of using deep41

neural networks (DNNs) to emulate an isospin-dependent42

Boltzmann-Uehling-Uhlenbeck (IBUU) transport model sim-43

ulator [20,21] in predicting both the directed flow (v1)44

and elliptical flow (v2) [22–24] in heavy-ion reactions at45
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intermediate energies. Such an emulator is invaluable in fur- 46

ther quantifying uncertainties of parameters characterizing 47

the equation of state (EOS) (e.g., incompressibility K) and 48

transport properties (e.g., in-medium nucleon-nucleon cross 49

section σ med
NN ) of hot and dense matter formed in heavy-ion 50

reactions [25,26]. Within a Bayesian framework using a Gaus- 51

sian process (GP) [27] emulator trained with IBUU events 52

generated by using 89 sets of input model parameters [28], Li 53

and Xie inferred the most probable incompressibility K and 54

the modification factor (X ) of in-medium nucleon-nucleon 55

cross sections compared to their free-space values from pro- 56

tons’ directed flow (measured using the mid-rapidity slope F1 57

of v1) and elliptical flow in mid-central Au+Au collisions 58

at Ebeam/A = 1.23 GeV taken by the HADES Collaboration 59

[29,30]. While the GP emulator has been the standard em- 60

ulation technique for model-to-data comparison in Bayesian 61

analyses (Bayesian+GP) of heavy-ion collisions from low to 62

ultrarelativistic beam energies (see, e.g., Refs. [31–42]), to 63

reduce the interpolation uncertainty inherent in GP emulators, 64

especially for large numbers of model parameters and multi- 65

messenger observables, more efficient and accurate emulation 66

techniques are being sought by the community. Moreover, 67

generating a sufficiently large training dataset for GP can 68

be computationally impractical. Therefore, alternative tech- 69

niques to more efficiently and accurately emulate transport 70

model simulators of heavy-ion reactions are certainly needed. 71

Here we focus on developing and evaluating a DNN as an 72

alternative of GP in emulating heavy-ion reactions at interme- 73

diate beam energies. To determine if DNNs can replace all 74

or part of the Bayesian+GP process with greater efficiency, 75

we explore two possibilities. First, we test to see if DNN 76

could replace the GP with greater efficiency, i.e., could we 77

build a better emulator using the same amount of or less 78

training events than GP? Second, we explore directly inferring 79

the X and K values without the costly Markov chain Monte 80

Carlo (MCMC) process required for the Bayesian analysis. 81

We found strong evidence of the DNN being able to emulate 82
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very efficiently the IBUU simulator’s results (predicting F183

and v2 given X and K) even with small training datasets with84

an accuracy about ten times higher than the GP. On the other85

hand, the DNN’s direct application in the inverse process is86

much less accurate. Therefore, a Bayesian+DNN inference87

will be a viable alternative to the more computationally costly88

Bayesian+GP approach.89

The rest of the paper is organized as follows. In Sec. II, we90

explain the models we used and our methods for scoring them.91

We then present and discuss our results in Sec. III. Finally, we92

summarize in Sec. IV.93

II. MODELS AND METHODS94

A. Inputs and outputs of the IBUU simulator95

For completeness and ease of our presentation, we briefly96

recall here the Bayesian+IBUU (GP) framework as well as97

the major inputs and outputs of the IBUU simulator used98

in Ref. [28]. Transport model simulations of heavy-ion re-99

actions are computationally expensive and thus cannot be100

used directly in generating normally multimillion steps in101

the MCMC sampling of posterior probability distribution102

functions (PDFs) of model parameters in Bayesian analyses.103

Therefore, a GP emulator was used successfully in Ref. [28]104

to mimic predictions of the IBUU simulator in its simplest105

setup. As reviewed in detail in Refs. [20,21], the IBUU simu-106

lator normally has multiple choices for the baryon mean-field107

potential including its isospin and momentum dependence108

[44,45] as well as in-medium baryon-baryon cross sec-109

tions [46]. In its first application within the Bayesian+IBUU110

(GP) framework, only the two most important input pa-111

rameters (X and K) are randomly initialized in their prior112

uncertainty ranges while others are fixed at their currently113

known most probable values in each MCMC step, and no114

momentum-dependence of single nucleon potentials was con-115

sidered [28]. The latter requires much more computing time116

but is very important for understanding several interesting117

features of heavy-ion collisions at intermediate energies. Once118

a faster and more reliable emulator is developed, this certainly119

should be considered. The two most important input parame-120

ters X and K for the IBUU simulator are defined as121

(i) The in-medium baryon-baryon scattering modification122

factor X ≡ σ med
NN

σ free
NN

where σ free
NN is the free-space cross123

section.124

(ii) The incompressibility quantifying the stiffness of125

the symmetric nuclear matter EOS E0(ρ) via K =1 126

9ρ2
0 ( d2E0(ρ)

dρ2 ) at its saturation density ρ0 = 0.16 fm−3.127

The goal of Ref. [28] was to infer the PDFs of128

X and K from the experimental observations of nuclear129

collective flow. The observables chosen were proton di-130

rected (or transverse) flow (v1) and elliptical flow (v2).131

They are coefficients of the Fourier decomposition of132

the particle azimuthal angle φ distribution 2π
N

dN
dφ

= 1 +133

2
∑∞

n=1 vn cos [n(φ)], where φ is measured with respect to134

the reaction plane in x-o-z for a beam in the z direction.135

Their values at rapidity y and transverse momentum pt can be136

evaluated from v1(y, pt ) = 〈cos(φ)〉(y, pt ) = 1
n

∑n
i=1

pix

pit
and 137

v2(y, pt ) = 〈cos(2φ)〉(y, pt ) = 1
n

∑n
i=1

p2
ix−p2

iy

p2
it

, where pix and 138

piy are the x and y components of the ith particle momentum, 139

respectively. In Ref. [28] and in the community generally, 140

rather than using v1 directly, its slope F1 = dv1/dy′|y′=0 at 141

mid-rapidity in the center-of-mass (cm) frame is often used 142

to measure the strength of directed flow. We will only use 143

F1 from here on. In mid-central (10–30% centrality) Au+Au 144

collisions at Ebeam/A=1.23 GeV measured by the HADES 145

Collaboration [29,30], F1 ≡ dv1/dy′|y′=0 = 0.46 ± 0.03 and 146

v2 = −0.06 ± 0.01 data for |ycm| � 0.05 and pt � 0.3 GeV/c 147

were observed for free protons. These values are at ap- 148

proximately the maximum and minimum of the excitation 149

functions of F1 and v2, respectively, accumulated over the 150

last 40 years [25]. Namely, the strengths of both directed 151

flow (positive) and elliptic flow (negative) are the strongest 152

around this beam energy. The F1 and v2 data from the 153

HADES experiments are thus particularly interesting and in- 154

formative. Indeed, these two experimental observations have 155

already provided some strong constraints on the PDFs of X 156

and K [28]. 157

In generating the IBUU training and testing datasets, for 158

each set of the X and K parameters generated on a Latin 159

hyperlattice [43], we used 200 test particles/nucleon and 100 160

impact parameters b with their probability density given by 161

P(b) ∝ b between b = 6 and 9 fm corresponding to approxi- 162

mately (10–30)% centrality. The accumulated 20 000 effective 163

nucleus-nucleus collision events are used to evaluate the F1 164

and v2 for each X -K parameter set. Shown in Figure 1 are the 165

F1 and v2 values for 89 X -K parameter sets used for training 166

the GP emulator in Ref. [28]. This dataset will also be used in 167

this work. 168

B. A deep neural network as an emulator of IBUU 169

A neural network is like a regression, except that it uses 170

perceptrons. A perceptron is an individual neuron or point, 171

that can have values varying between 0 and 1. The output is 172

based on the activation function of the perceptron as well as its 173

weights and biases. If the perceptron reaches a certain value or 174

higher, based on its inputs, then it will activate. The neural net- 175

work will automatically adjust the weights and biases of each 176

perceptron during the training phase to converge on some set 177

of values that can solve given inputs for their corresponding 178

outputs. Neural networks have layers of perceptrons, starting 179

with the input layer, where the data goes in; then hidden 180

layers, which is where the computation happens and the user 181

has little control while the machine calculates the best possible 182

values of weights and biases; and ending up with the output 183

layer. The goal of the neural network in training is to minimize 184

the loss between its outputs and the actual outputs using a loss 185

function. 186

We used two different, popular Python packages to create 187

DNNs in order to determine which would be easiest and 188

most efficient. The first is Scikit-Learn [47,48]. The second is 189

TensorFlow [49], which runs on the Keras API [50]. It should 190

be noted that TensorFlow is designed to be run on GPUs, but 191

can be used with CPUs as was done in this study. 192
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FIG. 1. 89 sets of predicted slope F1 of the free proton directed flow at mid-rapidity dv1/dy′|y′=0 (left) and elliptical flow v2 (right),
respectively, as functions of the incompressibility K (right axis) and in-medium baryon-baryon scattering cross section modification factor X
(left axis) generated on a Latin hyperlattice [43] in the X -K plane using the IBUU transport model for mid-central Au+Au reactions at 1.35
GeV/nucleon [28].

All models used four hidden layers as shown in Fig. 2.193

The number of perceptrons in the first and last hidden lay-194

ers were chosen to match the number of inputs and outputs.195

The two middle layers each had six perceptrons, which al-196

lowed the DNN to vary more weights and biases in order197

to better optimize results. All layers are interconnected, i.e.,198

dense. This means the output of each perceptron is passed199

to each perceptron in the next layer. Figure 2 shows this200

graphically. We set most layers to use the hyperbolic tan-201

gent function (tanh) as their activation function except the202

first and last hidden layers in the TensorFlow models, which203

allowed for more variability in the layers. For these, we204

used a linear activation function. Except where mentioned,205

all data were scaled using Scikit-Learn’s StandardScaler (SS),206

which scales each feature (i.e., F1 and v2) separately to207

have a zero mean and unit variance. The scaled data were208

used for training the DNN and calculating R2; for all other209

purposes we report the unscaled values. The Scikit-Learn210

input layer output layer

hidden layers

FIG. 2. Diagram of a DNN with four hidden layers.

models used the multilayered perceptron regressor (MLPR) 211

with the limited-memory Broyden-Fletcher-Goldfarb-Shanno 212

optimizer (L-BFGS) [51], which, according to the Scikit- 213

Learn User Guide, is well-designed for small datasets. The 214

TensorFlow models used a Keras Sequential model with the 215

Adam optimizer [52]. The loss function across all models was 216

the mean squared error (MSE) between the DNN output Xobs,i 217

and the expected/experimental/actual output Xexp,i: 218

MSE = 1

n

n∑

i=1

(Xobs,i − Xexp,i )
2 (1)

where n is the number of observations made. For the Scikit- 219

Learn models, we manually adjusted the max number of 220

iterations to optimize the DNN predictions as measured by 221

R2: 222

R2 = 1 − SSE

TSS
(2)

where SSE is the sum of squared errors (also sometimes 223

written as RSS for the residual sum of squares) and TSS is the 224

total sum of squares as discussed in Ref. [53]. For the Ten- 225

sorFlow models, we manually adjusted the number of training 226

epochs for the same goal. All other model parameters were 227

left at their default values. Data was split 75% for training 228

and 25% for validation. To gauge the success of our DNN, we 229

first got some analytical results to be used as references. As 230

discussed in Ref. [28] and shown in Fig. 1, F1 and v2 have an 231

approximately linear relationship with respect to X and K . As 232

a check on this, we performed a multiple regression assuming 233

a linear fit on the simulation data. The high R2 corroborates 234

the previous observation. Thus, it is expected that predicting 235

F1 or v2 from X and K should not be difficult. To see if 236

inferring the model parameters from the observables would 237

be as trivial, the same linear multiple regression was done 238

with F1 and v2 as the independent variables and X and K 239
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TABLE I. Results of regression based on IBUU predictions

Equation R2

F1 = −0.0251 + 0.206X + 0.000663K 0.927
v2 = 0.0519 − 0.0400X − 0.000158K 0.959
X = −0.130 + 2.92F1 − 1.34v2 0.782
K = 403 − 881F1 − 6400v2 0.587

as the dependent variables. Not surprisingly, simply reversing240

the problem did not yield excellent results in terms of the241

R2 values. Table I summarizes the results for all regressions.242

These will be used as the minimum success level for the DNN243

in our work. Ideally, the models will perform better (have a244

higher R2 value) than these basic linear approximations.245

III. RESULTS AND DISCUSSIONS246

During our attempts to optimize the DNN structure, we247

noticed a great deal of inconsistency in our models’ training.248

Without changing the code or DNN structure, the R2 value249

could change significantly, as much as 0.4 with certain setups.250

Possible reasons for this are discussed later. Below we report251

our best results with quantified variations. Once we decided252

upon a DNN structure that produced high R2 values most253

often, we ran the same code five times and picked the best.254

To quantify the consistency of each model, we report the255

range �R2 of the DNN predictions compared to the IBUU256

simulations for the test dataset in Table II.257

Also included in Table II is the average time to train the258

DNN model and the average time per prediction on a PC.259

While no training is prohibitively expensive to do once, pre-260

diction time is important. With over a million predictions,261

the difference between Scikit-Learn and TensorFlow is over262

half an hour, which is important to consider in an emulator.263

As a reference, we notice that Ref. [28] used 50 million264

steps (calls to the GP emulator) in their MCMC process. This265

would require a total of less than four minutes of computation266

time on a PC by the Scikit-Learn DNN. Thus, DNN can be267

computationally efficient enough to replace the GP.268

A. Emulation269

Figure 3 summarizes the results from the DNN for pre-270

dicting F1 and v2 from X and K . For the Scikit-Learn model,271

instead of using SS, a different scaler was used: the Max272

TABLE II. SL is for Scikit-Learn, TF is for TensorFlow, emu
(emulation) is for the DNN models emulating the IBUU simulation,
and inv (inversion) is for the DNN models that inferred X and K from
F1 and v2.

Model �R2 Train time (s) Prediction time(s)

SL emu 0.109 5.44 × 10−2 3.86 × 10−6

TF emu 0.226 3.87 2.29 × 10−3

SL inv 0.126 7.23 × 10−2 3.96 × 10−6

TF inv 0.312 5.79 2.24 × 10−3

Absolute Scaler (MAS), which, according to the Scikit-Learn 273

User Guide, is better for sparse data because it does not shift or 274

center the data. Rather, it divides each feature by its maximum 275

absolute value. We did not use it regularly, however, because 276

in most cases it failed to improve performance and caused the 277

TensorFlow models to become even more inconsistent. For 278

these results, the maximum number of iterations was set to 279

80, an unusually low value. This prevented the model from 280

converging every time, but allowing more time often caused 281

overfitting. The TensorFlow model was given 150 epochs to 282

train. The high R2 values show that both the Scikit-Learn and 283

TensorFlow models improved on the linear regression. 284

To quantify the errors of the emulators, we define here the 285

DNN error for an arbitrary variable X as 286

DNN errorrun(x) = [X (DNN)run − X (IBUU)run]2

σ 2
X (DNN) + σ 2

X(IBUU)
, (3)

where σ 2
X (DNN) and σ 2

X (IBUU) are the variances of X from 287

the DNN emulator and IBUU simulator, respectively. In 288

essence, it measures the individual MSE of each variable X 289

with respect to the total error of simulations and emulations 290

involved, enabling a more fair comparison of the accuracies 291

obtained with different approaches. In Fig. 4, we report the 292

DNN error of the observables F1 and v2, for each point shown 293

in Fig. 3. Comparing the DNN errors obtained with the Scikit- 294

Learn and TensorFlow, the latter generally has larger errors 295

in predicting both F1 and v2. More quantitatively, the largest 296

DNN error for F1 (v2), indicating the point the DNN has 297

the weakest predictive power, is 2.64 × 10−2 (6.30 × 10−2) 298

for Scikit-Learn versus 8.22 × 10−2 (1.31 × 10−1) for Ten- 299

sorFlow. The absolute MSE values in predicting F1 and v2 300

are also indicated in Fig. 4. The results show strong signs of 301

DNN being able to accurately emulate the IBUU simulator’s 302

predictions even with the small training dataset. Moreover, by 303

comparing the DNN’s MSE values with that of GP (Fig. 3 304

of Ref. [28]) trained by using the same set of IBUU predic- 305

tions, we notice that overall the DNN is about ten times more 306

accurate. More quantitatively, as shown in Fig. 4, the DNN 307

total MSE is 1.19 × 10−4 with Scikit-Learn and 2.17 × 10−4
308

with TensorFlow, while the GP total MSE shown in Fig. 3 of 309

Ref. [28] is 9.20 × 10−4. 310

B. Inversion 311

Unsurprisingly, the direct inversion of the problem did not 312

produce such stunning results, and, unfortunately, the models 313

did not make significant improvement over the simple linear 314

multiple regression. Figure 5 summarizes the results of trying 315

to infer X and K from F1 and v2. Shown in Fig. 6 are the cor- 316

responding DNN errors in predicting X and K , respectively, 317

for each point shown in Fig. 5. While the Scikit-Learn models 318

were again stopped short of convergence at 150 iterations, the 319

TensorFlow models actually did best at a slightly longer 250 320

epochs. It can be seen qualitatively that the models did a worse 321

job predicting K than they did X . The R2 values are the same 322

because they score the entire model, not X and K predictions 323

separately. That result is not surprising, however, given that 324

the values for R2 from the multiple regression were much 325
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FIG. 3. DNN predictions are black circles. The line of the perfect match between the DNN predictions and the IBUU simulations is red.

smaller for K than for X . It is also seen that the Scikit-Learn326

and TensorFlow models have roughly the same errors for2 327

inferring both X and K .328

In the inversion problems, all models had poor accuracy, 329

so concrete conclusions are difficult. Two possibilities for 330

the issue seem likely. The first is that F1 and v2 simply do 331

FIG. 4. DNN error for predicting F1 and v2 for each point in the test dataset shown in Fig. 3.
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FIG. 5. Same as Fig. 3, but now for X and K (MeV).

not carry enough information to constrain X and K tightly.332

It is well known that a degeneracy (i.e., combinations of333

small/big K with big/small X have the same physical effects)334

exists between these two parameters in producing nuclear 335

collective flow (see, e.g., Refs. [54–64]), which compli- 336

cates inference problems. This degeneracy arises because the 337

FIG. 6. DNN error for predicting X and K , for each point shown in Fig. 5.
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TABLE III. Maximum R2 value achieved in five runs of each
DNN setup with training/testing splits of 50/50 and 90/10.

R2
max 50/50 90/10

SL emu 0.958 0.969
TF emu 0.930 0.968
SL inv 0.677 0.656
TF inv 0.655 0.786

nuclear collective flow is generated by the pressure gradient338

during nucleus-nucleus collisions. And the pressure gradient339

can be created by either a relatively long-range nuclear force340

through a mean-field potential (its stiffness is characterized341

by K) or a short-range nuclear force through nucleon-nucleon342

scattering (its frequency and effect are characterized by X ).343

Perhaps some other observable could help. This explanation344

would also account for the low R2 values from the multiple345

regressions. The second reason is a lack of training data.346

While it appears to be possible to train DNN for emulation on347

only 89 data points, it is possible that more data are required 348

for the more complex inversion problem. An idea for getting 349

around the lack of IBUU simulation data is to first train a DNN 350

as an emulator to produce large amounts of data, and then use 351

this to train the inversion network. One danger in this is that 352

any small error at the beginning of the process could be prop- 353

agated and compounded through several models. Future work 354

could assess the feasibility of this and quantitatively evaluate 355

the systematic error. The above experience gained in using 356

directly the DNN as an inversion tool is very educational. 357

Nevertheless, we emphasize that the value of DNN designed 358

here is not for direct inversions but as an emulator for solving 359

inverse problems within the Bayesian+DNN framework. 360

C. Effects of training/testing data splitting 361

Up to this point, we have used 75% of the 89 data points for 362

training all of our models and 25% to test their accuracy. This 363

75/25 split, or similar, such as 80/20 or 70/30, is commonly 364

used for designing DNN, but it is not a firm rule; see, e.g., 365

Ref. [65] and references therein. 366

FIG. 7. DNN error for predicting F1 and v2 with a 50/50 split (top) and a 90/10 split (bottom).
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To determine if a different splitting ratio could improve367

our results, we tried two other scenarios: 50/50 and 90/10368

training/testing ratios. In both cases, consistency remained369

elusive, so each was run five times. We report the maximum370

R2 value each model achieved in Table III.371

All attempts to infer X and K with the DNN continued372

to produce poor results, so we will not discuss them further.373

Beginning with the 50% training, 50% testing case, we note374

that neither Scikit-Learn nor TensorFlow achieved R2 values375

very close to our previous results, and this is reflected in the376

absolute MSE values shown in Fig. 7. The total MSE for377

Scikit-Learn is 3.83 × 10−4, more than three times worse than378

before, and 9.73 × 10−4 for TensorFlow, which is now on the379

order of the GP used in Ref. [28]. This demonstrates that DNN380

can replace a GP even with only half the training data. Greater381

accuracy, however, still requires providing most of the data to382

the DNN for training.383

In the case of 90% training, 10% testing, both models384

were able to reproduce their previous success. In fact, Scikit-385

Learn achieved a MSE for v2 significantly smaller than before,386

3.05 × 10−6 down from 1.06 × 10−5. However, F1 demon-387

strates a possible issue with using this large training to testing388

ratio. The absolute MSE is up slightly, but more importantly389

the DNN error outlier for Scikit-Learn (TensorFlow) is 1.90 ×390

10−1 (9.53 × 10−2). For TensorFlow that is a small increase391

from 6.30 × 10−2, but for Scikit-Learn the new outlier is more392

than five times its previous value of 2.64 × 10−2. Thus, using393

a higher percentage of data for training can improve some394

results at the risk of having some extreme outliers.395

This is by no means an exhaustive analysis of training to396

testing ratios. It demonstrates, however, that the frequently397

used 75/25 data splitting does indeed work well in our case.398

D. Caveats and future prospectives399

A Gaussian process typically provides two functions: accu-400

rate predictions of a simulation and an estimated error for each401

prediction, i.e., mean and variance. In this study, DNNs were402

able to make accurate predictions. This is more impressive403

given the small dataset, and useful because of the long sim-404

ulation times to create even a few data points. Unfortunately,405

the models used here were not capable of providing a variance406

for each prediction. The best method for accomplishing this is407

still an active topic of investigation, with possibilities ranging408

from measuring Monte Carlo dropout (MC-dropout) [66,67]409

to deep ensembles [68] to mean-variance estimation neural410

networks [69,70]. Future work should explore if any of these411

methods or others can be easily implemented without sig-412

nificantly increasing the training time, which currently takes413

only a few seconds for the models used here. For applications414

that do not require variance predictions, both Scikit-Learn415

and TensorFlow can be used to implement a quickly trainable416

DNN for emulations.417

Above we have reported our best results with quanti-418

fied variations, from the models that gave strong R2 often,419

but some models behaved inconsistently. This is mainly due420

to our choice of randomly splitting the data (for a chosen421

training/testing ratio) and allowing the initial weights and bi-422

ases of each model to initialize randomly each time. We chose423

this method because picking the optimal training/testing split 424

would require prior knowledge that experiments cannot pro- 425

vide. As far as the DNN is concerned, the data are random. 426

Ideally, the DNN could be accurately trained regardless of 427

which data are used for training and which for testing. We 428

think that, with a dataset this small, even slight differences 429

in the training/testing split can lead to a very inconsistent 430

DNN. Oddly, using MAS to scale the data worsened this for 431

the TensorFlow models despite decreasing the loss function, 432

which is why we did not use it. This is a very frustrating 433

setback after managing to avoid over-fitting, the most often 434

cited problem for small datasets. 435

An additional challenge was the regular manual adjust- 436

ments. In order to produce optimal results, we experimented 437

with different data scalers, layer structures, activation func- 438

tions, optimizers, numbers of iterations and epochs, and more. 439

This manual adjustment allowed us to better learn and under- 440

stand various features of DNN. For larger projects, however, 441

it may be worth using an automated method such as another 442

neural network that optimizes the hyperparameter setup for 443

DNN as was done in [19], which used Scikit-Learn, or with 444

the Keras Tuner [71] for TensorFlow. 445

IV. SUMMARY 446

To summarize, we found deep neural networks can accu- 447

rately predict the values of the nuclear flow parameters F1 and 448

v2 given the two input parameters X and K , even though only 449

a small training dataset was provided. Moreover, it is about 450

ten times more accurate than the GP emulator trained with the 451

same dataset. 452

The simplest of DNN models, however, is unable to fully 453

replace a Gaussian emulator because it does not provide a 454

variance prediction. The DNN used here was also incapable of 455

solving directly the inverse problem to accurately infer X and 456

K from F1 and v2 alone. On the other hand, the value of a faster 457

and more reliable DNN emulator lies in its potential use in 458

solving the inverse reaction problem within a Bayesian+DNN 459

framework to infer the PDFs of model parameters. 460

In the forward modeling with transport models, the whole 461

phase space distribution functions of all particles in the final 462

state of heavy-ion reactions are predicted. One can construct 463

many observables to be compared with the experimental data 464

in a Bayesian framework. To emulate multiple observables, 465

one may need to generalize the simple DNN studied here to 466

a committee of DNNs. Moreover, given a set of input pa- 467

rameters, transport model predictions for final observables are 468

unique within statistical fluctuations. However, it is generally 469

degenerate in the inverse process to go from a few final state 470

observables to the input model parameters. Unraveling links 471

between final state observables with input model parameters 472

with inversion techniques has been a longstanding and chal- 473

lenging goal for the heavy-ion reaction community. Statistical 474

inversions within the Bayesian framework using faster em- 475

ulators for transport model simulators have been shown by 476

the community to be promising. Our findings and experiences 477

from constructing and testing a DNN as a faster and more reli- 478

able emulator of heavy-ion reactions at intermediate energies 479

contribute positively to efforts in this direction. 480
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